We find all the higher dimensional solutions of the Einstein-Maxwell theory that are the topological product of two manifolds of constant curvature. These solutions include the higher dimensional Nariai, Bertotti-Robinson and anti-Nariai solutions, and the anti-de Sitter Bertotti-Robinson solutions with toroidal and hyperbolic topology (Plebański-Hacyan solutions). We give explicit results for any dimension D ≥ 4. These solutions are generated from the appropriate extremal limits of the higher dimensional near-extreme black holes in a de Sitter, and anti-de Sitter backgrounds. Thus, we also find the mass and the charge parameters of the higher dimensional extreme black holes as a function of the radius of the degenerate horizon.
I. INTRODUCTION
The interest on higher dimensional spacetimes was boosted with the development of string theories. More recently, there has been a renewed interest in connection to the TeV-scale theory [1] which suggests that the universe in which we live may have large extra dimensions. According to this conjecture, we would live on a fourdimensional sub-manifold, where the Standard Model inhabits, whereas the gravitational degrees of freedom propagate throughout all dimensions. This has motivated a wide search for various phenomena [3] involving higher dimensions. In particular, it is possible that future accelerators, such as the Large Hadron Collider (LHC) at CERN produce black holes, and thus detect indirectly gravitational waves [2] .
In this paper we deal with exact solutions of the Einstein-Maxwell theory in higher dimensions. The higher dimensional counterparts of the Schwarzschild and * Electronic address: vcardoso@fisica.ist.utl.pt † Electronic address: oscar@fisica.ist.utl.pt ‡ Electronic address: lemos@kelvin.ist.utl.pt of the Reissner-Nordström black holes − the Tangherlini black holes − have been found and discussed in [4] . The D-dimensional Majumdar-Papapetrou black holes have been found in [5] (see also [6] ). The higher dimensional Kerr black hole − the Myers-Perry black hole − was found in [7] and further discussed in [8] . The higher dimensional counterpart of the Kerr-Newman black hole is not yet known (see [9] for a discussion). The higher dimensional Schwarzschild and Reissner-Nordström black holes in an asymptotically de Sitter (dS) spacetime and in an asymptotically anti-de Sitter (AdS) spacetime have also been discussed in [4] . Now, in an asymptotically AdS 4-dimensional background, besides the black holes with spherical topology, there are also solutions with planar, cylindrical or toroidal topology found and discussed in [10] (neutral case), [11] (electric case), and [12] (magnetic case), and black holes with hyperbolic topology analyzed in [14] . The higher dimensional extensions of these nonspherical AdS black holes are already known. Namely, the D-dimensional AdS black holes with planar, cylindrical or toroidal topology were discussed in [15] (neutral case), in [16] (electric case) and in [17] (magnetic case), and the D-dimensional AdS black holes with hyperbolic topology were analyzed in [15, 18] .
In a 4-dimensional background with generic cosmolog-ical constant, and still in the context of Einstein-Maxwell theory, there are other interesting solutions that do not contain a black hole, but are the direct topological product of two manifolds of constant curvature. These are the Nariai solution [20] , the Bertotti-Robinson solution [21] , the anti-Nariai solution [22] , and the Plebański-Hacyan solutions [23] . For a detailed historical overview on these solutions and for references see, e.g., [24, 25, 26] . The discussion of these solutions in a more mathematical context can be found in [27] . Some of these solutions, but not all, have already been discussed in a higher dimensional spacetime.
Ginsparg and Perry [28] (see also [29] ) have connected the extreme dS-Schwarzschild black hole with the Nariai solution [20] in a 4-dimensional spacetime. That is, they have shown that the already known Nariai solution (which is not a black hole solution) could be generated from an appropriate extremal limit of a near-Nariai black hole. They realized this connection while they were studying the quantum stability of the Nariai and the dS-Schwarzschild solutions. A similar procedure allows to generate the Bertotti-Robinson, the anti-Nariai, and the Plebański-Hacyan solutions from appropriate nearextreme black holes.
In this paper we shall use the procedure introduced in [28] in order to generate, from the appropriate extremal limits of the D-dimensional near-extreme black holes, all the higher dimensional solutions that are the topological product of two manifolds of constant curvature. These solutions include the higher dimensional Nariai, BertottiRobinson, anti-Nariai, and Plebański-Hacyan solutions. We give explicit results for any dimension D ≥ 4. In passing we also find the values of the mass and of the charge for which one has extreme black holes in an asymptotically dS and in an asymptotically AdS higher dimensional spacetime. This analysis has already been initiated in [19] , but our procedure and results are complementary to those of [19] . In the AdS case, the discussion carried in this paper includes black holes with spherical topology, with planar, cylindrical and toroidal topology, and with hyperbolic topology.
The plan of this paper is as follows. In Sec. II, we set the Einstein-Maxwell action in a D-dimensional background. In Sec. III we discuss the properties of the extreme higher dimensional dS black holes, and we find their extremal limits, i.e., the associated Nariai-like solutions. In Sec. IV we do the same but this time in an AdS background.
II. ACTION AND EQUATIONS OF MOTION
We will discuss solutions that are the extremal limits of the near-extreme cases of the static higher dimensional black holes. Some of these black holes were found by Tangherlini [4] , and are the higher dimensional cousins of the Schwarzschild and of the Reissner-Nordström black holes. We work in the context of the Einstein-Maxwell action with a cosmological constant Λ,
where D is the dimension of the spacetime, g is the determinant of the metric g µν , R is the Ricci scalar, and F µν = ∂ µ A ν − ∂ ν A µ is the Maxwell field strength of the gauge field A ν . We set the D-dimensional Newton's constant equal to one, and c = 1. The variation of (1) yields the equations for the gravitational field and for the Maxwell field, respectively,
where R µν is the Ricci tensor and T µν is the electromagnetic energy-momentum tensor,
In (1), the coefficient of Λ was chosen in order to insure that, for any dimension D, the pure dS or pure AdS spacetimes are described by g tt = 1 − (Λ/3)r 2 , as occurs with D = 4.
III. HIGHER DIMENSIONAL EXTREME dS BLACK HOLES AND NARIAI-LIKE SOLUTIONS
In order to generate the higher dimensional Nariai, dS−Bertotti-Robinson, and Nariai−Bertotti-Robinson solutions one needs first to carefully find the values of the mass and of the charge for which one has an extreme dS black hole. We will do this in Sec. III A, and in Sec. III B we will generate the Nariai-like solutions from the extremal limits of the near-extreme black holes.
A. Higher dimensional extreme black holes in an asymptotically dS background
In an asymptotically de Sitter background, Λ > 0, the most general static higher dimensional black hole solution with spherical topology was found by Tangherlini [4] . The gravitational field is
where dΩ 2 D−2 is the line element on an unit (D − 2)-sphere,
and the function f (r) is given by
The mass parameter M and the charge parameter Q are related to the ADM mass, M ADM , and ADM electric charge, Q ADM , of the solution by [7] 
where Ω D−2 is the area of an unit (D − 2)-sphere, . The radial electromagnetic field produced by the electric charge Q ADM is given by
These solutions have a curvature singularity at the origin, and the black hole solutions can have at most three horizons, the Cauchy horizon r − , the event horizon r + and the cosmological horizon r c , that satisfy r − ≤ r + ≤ r c . We are now interested in the D-dimensional extreme dS-Tangherlini black holes. That is, in order to start searching for Nariai-like solutions one needs first to carefully find the parameters M and Q as a function of the degenerate horizon. To settle the nomenclature and the technical procedure, we start with the five-dimensional case, D = 5. We look to the extreme dS black holes, for which two of the horizons coincide. Let us label this degenerate horizon by ρ. In this case, and for D = 5, the function f (r) given by (6) can be written as
Thus, besides the degenerate horizon r = ρ, there is another horizon at σ = 3/Λ − 2ρ 2 . From (6) with D = 5 and (10), the mass parameter M and the charge parameter Q of the black holes can be written as functions of
. At this point we note that M and Q first increase with ρ (this sector corresponds to σ > ρ), until ρ reaches the critical value ρ = 1/Λ (this sector corresponds to σ = ρ), and then M and Q start decreasing until ρ reaches its maximum allowed value (this sector corresponds to σ < ρ). These three sectors are associated to three distinct extreme dS black holes: the cold, the ultracold and the Nariai black holes, respectively (here we follow the nomenclature used in the analogous 4-dimensional black holes [30] . Note that the Nariai black hole differs from the Nariai solution which is not a black hole solution). More precisely, for 0 < ρ < 1/ √ Λ one has the cold black hole with r − = r + ≡ ρ and r c ≡ σ. The ranges of the mass and charge parameters for the cold black hole are 0 < M < 1/Λ and 0 < Q < 1/( √ 3 Λ). The case ρ = 1/ √ Λ gives the ultracold black hole in which the three horizons coincide, r − = r + = r c . Its mass and charge parameters are M = 1/Λ and Q = 1/( √ 3 Λ). For 1/ √ Λ < ρ ≤ 3/(2Λ) one has the Nariai black hole with r + = r c ≡ ρ and r − ≡ σ. The ranges of the mass and charge parameters for the Nariai black hole are 3/(4Λ) ≤ M < 1/Λ and 0 ≤ Q < 1/( √ 3 Λ). Now, the above construction can be extended to Ddimensional extreme dS black holes. In the extreme case the function f (r) given by (6) can be written as
where r = ρ is the degenerate horizon of the black hole, and
where a, b, c 1 , ..., c 2(D−4) are constants that can be found through the matching between (6) and (12). This procedure yields the mass parameter M and the charge parameter Q of the black holes as a function of ρ,
The condition Q 2 ≥ 0 implies that ρ ≤ ρ max with
For the D-dimensional cold black hole (r − = r + ), M and Q increase with ρ, and one has
where we have defined
For the D-dimensional ultracold black hole (r − = r + = r c ), one has
Finally, for the D-dimensional Nariai black hole (r + = r c ), M and Q decrease with ρ, and one has
The ranges of M and Q that represent each one of the above extreme black holes is sketched in Fig. 1 . This figure and the associated relations (13)- (18) are not the main results of this paper. However, they constitute new results that we had to find in our way into the generation of the Nariai-like solutions. For an alternative and complementary description of the extreme dSTangherlini black holes see [19] . 
The Carter-Penrose diagrams of the D-dimensional dSTangherlini black holes are similar to the ones of their 4-dimensional counterparts and are sketched in Fig. 2 in the charged case, and in Fig. 3 in the neutral case. In these diagrams each point represents a (D − 2)-sphere of radius r.
B. Extremal limits of the higher dimensional dS black holes
In this section, we apply the near extremal procedure of Ginsparg and Perry [28] to the extreme black holes discussed in the last subsection, in order to find the higher dimensional Nariai, dS−Bertotti-Robinson, Λ = 0 Bertotti-Robinson and Nariai−Bertotti-Robinson solutions. The higher dimensional Nariai solution has already been found in [19, 22] . Here we show that it can be generated from the near-Nariai black hole following the procedure of [28] . Therefore, we give a new emphasis to the solution and we set the nomenclature for the other new cases.
Higher dimensional Nariai solution
In order to generate the higher dimensional Nariai solution from the near-Nariai black hole we first go back to (11) where r = ρ is the degenerate horizon of the black hole, and A(r) is a polynomial function of r. Then, we set r + = ρ − ε and r c = ρ + ε, where ε << 1 measures the deviation from degeneracy, and the limit r + → r c is obtained when ε → 0. Now, we introduce a new time coordinate T , t = T /(εA), and a new radial coordinate χ, r = ρ + ε cos χ, where χ = 0 and χ = π correspond, respectively, to the horizons r c and r + , and (12) . Then, in the limit ε → 0, from (4) and (11), we obtain the gravitational field of the Nariai solution
where χ runs from 0 to π, and A and B = 1/ρ 2 are related to Λ and Q by
The Maxwell field (9) of the higher dimensional Nariai solution is
So, if we give the parameters Λ, and Q we can construct the higher dimensional Nariai solution, which is an exact solution of Einstein-Maxwell equations (2) with Λ > 0 in D-dimensions. Through a redefinition of coordinates, sin 2 χ = 1 − A R 2 and τ = √ A T , the spacetime (19) can be rewritten in new static coordinates as
and the electromagnetic field changes also accordingly to the coordinate transformation. Written in these coordinates, we clearly see that the Nariai solution is the
. This spacetime is homogeneous with the same causal structure as (1+1)-dimensional dS spacetime, but it is not an asymptotically 4-dimensional dS spacetime since the radius of the (D − 2)-sphere is constant (B −1/2 ), contrarily to what happens in the dS solution where this radius increases as one approaches infinity.
The neutral Nariai solution (Q = 0) satisfies the relations A = Λ(D − 1)/3 and B = Λ(D − 1)/(3D − 9). The Λ = 0 limit of the Nariai solution is D-dimensional Minkowski spacetime as occurs with the D = 4 solution (see [26] ).
The Carter-Penrose diagram of the D-dimensional Nariai solution (charged or neutral) is sketched in Fig.  4 . In this diagram any point represents a (D − 2)-sphere with fixed radius B −1/2 . For a construction that starts with the Carter-Penrose diagram of the dS black hole and leads to the diagram of the Nariai solution see [26] .
Carter-Penrose diagram of the Nariai solution (charged or neutral). The zigzag line represents a curvature singularity, I represents the infinity (R = ∞), Rc represents a cosmological horizon.
Higher dimensional dS Bertotti-Robinson solution
In order to generate the higher dimensional dS Bertotti-Robinson solution from the near-cold black hole we first go back to (11) and rewrite it in the form f (r) = A(r)(r − ρ) 2 , where r = ρ is the degenerate horizon of the black hole, and A(r) is a polynomial function of r. Then, we set r − = ρ − ε and r + = ρ + ε, where ε << 1 measures the deviation from degeneracy, and the limit r − → r + is obtained when ε → 0. Now, we introduce a new time coordinate T , t = T /(εA), and a new radial coordinate χ, r = ρ + ε cosh χ, where (12) . Then, in the limit ε → 0, from (4) and (11), we obtain the gravitational field of the dS BertottiRobinson solution
where A and B = 1/ρ 2 are related to Λ and Q by
The Maxwell field (9) of the higher dimensional dS Bertotti-Robinson solution is
So, if we give the parameters Λ, and Q we can construct the higher dimensional dS Bertotti-Robinson solution, which is an exact solution of Einstein-Maxwell equations (2) with Λ > 0 in D-dimensions. There is no neutral (Q = 0) Bertotti-Robinson solution. Through a redefinition of coordinates, τ = √ A T and sinh 2 χ = A R 2 − 1, the spacetime (23) can be rewritten in new static coordinates as
and the electromagnetic field changes also accordingly to the coordinate transformation. Written in these coordinates, we clearly see that the Bertotti-Robinson solution is the direct topological product of The higher dimensional flat Bertotti-Robinson solution is given by the Λ = 0 limit of the dS Bertotti-Robinson. It is described by (23) and (25) 
Higher dimensional Nariai−Bertotti-Robinson solution
In order to generate the higher dimensional Nariai−Bertotti-Robinson solution from the nearultracold black hole we first go back to (11) and rewrite it in the form f (r) = −P (r)(r − ρ) 2 (r − σ), where r = ρ is a degenerate horizon of the black hole, σ > ρ is the other horizon, and P (r) is a polynomial function of r. Then, we set ρ = ρ u − ε and σ = ρ u + ε, with ρ u defined in (16) and ε << 1 measuring the deviation from degeneracy, and the limit ρ → σ is obtained when ε → 0. Now, we introduce a new time coordinate T , t = T /(2ε 2 P ), and a new radial coordinate χ, r = ρ u + ε cos √ 2εP χ , where P ≡ P (ρ u ) > 0. Then, taking the limit ε → 0 of (4), we obtain the gravitational field of the Nariai−Bertotti-Robinson solution,
, where χ runs from 0 to +∞, and the Maxwell field (9) of the higher dimensional Nariai−Bertotti-Robinson solution is
in Rindler coordinates. Therefore, under the usual coordinate transformation χ = √ x 2 − t 2 and T = arctanh(t/x), we can write the higher dimensional Nariai−Bertotti-Robinson solution in its simplest form,
where ρ u is defined in (16) , and
where Q ADM is given by (7) and (17) . So, if we give Λ we can construct the higher dimensional Nariai−BertottiRobinson solution. This solution is the direct topological product of M 1,1 × S D−2 , and is an exact solution of Einstein-Maxwell equations (2) with Λ > 0 in Ddimensions. Its causal diagram is equal to the causal diagram of the Rindler solution. This solution belongs to the class of solutions discussed in detail in [23] (for D = 4), and thus it can very appropriately be called a Plebański-Hacyan solution [25] .
IV. HIGHER DIMENSIONAL EXTREME AdS BLACK HOLES AND ANTI-NARIAI LIKE SOLUTIONS
In order to generate the higher dimensional antiNariai, and the two AdS−Bertotti-Robinson solutions one needs first to carefully find the values of the mass and of the charge for which one has extreme AdS black holes. We will do this in Sec. IV A, and in Sec. IV B we will generate the anti-Nariai like solutions from the extremal limits of the near-extreme black holes.
A. Higher dimensional extreme black holes in an asymptotically AdS background
In a higher dimensional asymptotically anti-de Sitter background, Λ < 0, the Einstein-Maxwell equations (2) allow a three-family of static black hole solutions, parameterized by the constant k which can take the values 1, 0, −1, and whose gravitational field is described by
where
and for k = 1, k = 0 and k = −1 one has, respectively,
Thus, the family with k = 1 yields AdS black holes with spherical topology found in [4] . The family with k = 0 yields AdS black holes with planar, cylindrical or toroidal (with genus g ≥ 1) topology that are the higher dimensional counterparts (introduced in [15, 16] ) of the 4-dimensional black holes found and analyzed in [10, 11] . Finally, the family with k = −1 yields AdS black holes with hyperbolic, or toroidal topology with genus g ≥ 2 that are the higher dimensional counterparts (introduced in [15, 18] in the neutral case) of the 4-dimensional black holes analyzed in [14] . The solutions with non-spherical topology (i.e., with k = 0 and k = −1) do not have counterparts in a Λ = 0 or in a Λ > 0 background. The mass parameter M and the charge parameter Q are related to the ADM hairs, M ADM and Q ADM , by (7) . These black holes can have at most two horizons. Following a similar procedure as the one sketched in Sec. III A, we find the mass parameter M and the charge parameter Q of the extreme black holes as a function of the degenerate horizon at r = ρ
This equation is not the main result of Sec. IV. However, it constitutes a new result that we had to find in our way into the generation of the anti-Nariai like solutions.
For an alternative and complementary description of the extreme AdS black holes in D-dimensions see [19] . For D = 5, and only in this case, we were able to write f (r) in the extreme case as a function of the degenerate horizon ρ. We write this expression here since it might be useful for future work,
For D ≥ 6 we were not able to to write f (r) as a function of ρ since one has to deal with polynomial functions with degree higher than four.
Higher dimensional AdS black holes with spherical topology
When k = 1, one has 0 < ρ < +∞ and M and Q in (33) are positive parameters. The ranges of M and Q that represent extreme and nonextreme black holes are sketched in Fig. 6 .
Extreme black holes The Carter-Penrose diagram of the nonextreme AdS−Reissner-Nordström black hole is sketched in Fig.  7.(a) , and the one of the extreme AdS−ReissnerNordström black hole is represented in Fig. 7.(b) . The Carter-Penrose diagram of the AdS-Schwarzschild black hole is drawn in Fig. 8 . In these diagrams each point represents a (D − 2)-sphere of radius r.
Higher dimensional AdS black holes with toroidal, cylindrical or planar topology
When k = 0, one has 0 < ρ < +∞, and M and Q in (33) are positive parameters. The ranges of M and Q that represent extreme and nonextreme black holes are sketched in Fig. 6 .
The Carter-Penrose diagram of the nonextreme charged AdS black hole with k = 0 is sketched in Fig.  7.(a) , and the one of the extreme charged AdS black hole with k = 0 is represented in Fig. 7.( is drawn in Fig. 8 . In these diagrams each point represents a (D − 2)-plane, or a (D − 2)-cylinder or a (D − 2)-torus.
Higher dimensional AdS black holes with hyperbolic topology
When k = −1, the condition that Q 2 ≥ 0 demands that ρ min ≤ ρ < +∞, where
For ρ = ρ min , the extreme black hole has no electric charge (Q = 0) and its mass is negative, M = −4ρ
min /(D − 1). For ρ = ρ 0 , where
the extreme black hole has no mass (M = 0) and its charge is given by Q = ρ
The ranges of M and Q that represent extreme and nonextreme black holes are sketched in Fig. 9 . 
In what concerns the causal structure of these solutions, when M = 0 and Q = 0, the solution has an horizon that we identify as a cosmological horizon (r c ) since it is present when the mass and charge vanish. In this case r = 0 is not a curvature singularity, but can be regarded as a topological singularity (see Brill, Louko, and Peldan in [14] for a detailed discussion). The Carter-Penrose diagram of this solution is drawn in Fig. 10 , as long as we interpret the zigzag line as being a topological singularity. When Q = 0 and M > 0, the solution still has a single horizon, the same cosmological horizon that is present in the latter case. However, now a curvature singularity is present at r = 0. The corresponding Carter-Penrose diagram of this solution is represented in Fig. 10 . The most interesting Q = 0 solutions are present when their mass is negative. In this case one can have a black hole solution with a black hole horizon and a cosmological horizon [see 
B. Extremal limits of the higher dimensional AdS black holes
In this subsection, we will consider the extremal limits of the near-extreme higher dimensional AdS black holes. This procedure leads to the generation of the higher dimensional anti-Nariai solution and to the higher dimensional AdS Bertotti-Robinson solutions. To achieve our aim, we first go back to the extreme case of (31) and rewrite it in the form f (r) = A(r)(r − ρ) 2 , where r = ρ is the degenerate horizon of the black hole, and A(r) is a polynomial function of r. Then, we introduce a new time coordinate T , t = T /(εA), and a new radial coordinate χ, r = ρ + ε cosh χ, where A ≡ A(ρ), and ε << 1 measures the deviation from degeneracy. Finally, taking the limit ε → 0 in (30) yields the gravitational field of the new higher dimensional solutions,
where k = 1, 0, −1 in the spherical, cylindrical and hyperbolic cases, respectively, and A and B are constants related to Λ and Q by
In the new coordinate system, the Maxwell field (9) of the solutions is
Equations (37)-(39) describe three exact solutions of the Einstein-Maxwell equations (2) with Λ < 0 in Ddimensions, that we discuss in the following subsections. 
V. CONCLUSION
We have constructed all the higher dimensional solutions that are the topological product of two manifolds of constant curvature, and that can be generated from the extremal limits of the near-extreme black holes. Our analysis yields explicit results that apply to any dimension D ≥ 4. These solutions include the D-dimensional counterparts of the well-known Nariai, Bertotti-Robinson, anti-Nariai, and Plebański-Hacyan solutions. In order to achieve our aim we had to find the values of the mass and of the charge for which one has extreme black holes in an asymptotically de Sitter (dS) and in an asymptotically anti-de Sitter (AdS) higher dimensional spacetime. This is not an easy task in a Ddimensional background since one has to deal with polynomial functions with degree higher than four.
Nowadays, one of the main motivations to study higher dimensional asymptotically AdS or dS black holes is related with the AdS/CFT and dS/CFT correspondences. In particular, the higher dimensional cosmological black holes are useful to study the dynamics of Friedmann-Robertson-Walker branes in the framework of (A)dS/CFT correspondence (for a review see, e.g., [33] ). The solutions discussed in this paper, being extremal limits of higher dimensional black holes, might also be interesting in this context. They might also be useful for the discussion of modified gravities. Another research area that might follow from this paper is the study of impulsive waves in the background of the spacetimes that we presented, in a direct generalization of the analysis done for four dimensions in [25] . As a last example of application of these higher dimensional solutions, we mention the study of their classical stability, i.e., the exact analytical analysis of their quasinormal modes. Finally, the quantum stability of these Nariai-like solutions will be discussed in [34] .
